Turbulent, rapidly rotating convection has been of interest for decades, yet there exists no generally accepted scaling law for heat transfer behaviour in this system. Here, we develop an exact scaling law for heat transfer by geostrophic convection,
TABLE 1. Relevant non-dimensional parameters, and parameter ranges from laboratory experiments and numerical simulations. Dimensional quantities are as follows: α T is the fluid's coefficient of thermal expansivity; g is gravitational acceleration; T is the temperature drop across the fluid layer; h is the depth of the fluid layer; ν is viscous diffusivity; κ is thermal diffusivity; Ω is the angular rotation rate; q is mean heat flux; and k is thermal conductivity.
convection dynamics, we investigate the Rayleigh-Bénard configuration rotating about a vertical axis.
Non-rotating convection
We begin our investigation of rotating convection with a brief overview of heat transport by non-rotating RBC. Accurate descriptions of the Nusselt number, Nu, which characterizes the efficiency of convective heat transfer, have been of interest to the turbulence community for decades, and scalings of the type Nu ∝ Ra α have typically been sought both theoretically and experimentally (e.g. Ahlers, Grossmann & Lohse 2009) . A scaling exponent of α = 1/3 was first developed by the marginal stability boundary analysis of Malkus (1954) .
This classical 1/3 scaling law can be developed through consideration of boundary layer stability as follows. In an infinite half-space, bounded and heated from below at rate q, a quiescent fluid will become unstable above some height δ when a locally defined Rayleigh number Ra δ = α T g T δ δ 3 /(νκ) is larger than the critical value, Ra c = constant (Pellew & Southwell 1940) . Here, T δ is the temperature drop across this marginally stable boundary layer. Thus, instability should occur when
Instead of an infinite half-space, let us consider a layer of finite depth h with marginally stable thermal boundary layers adjacent to each boundary. We make the following two assumptions to relate this local stability criterion to total heat transport. Let us first assume that the temperature drop across the layer occurs mostly in the boundary layers, T ≈ 2 T δ . This permits us to rewrite (1.1) as δ/h ≈ (Ra/Ra c ) −1/3 .
(1.2)
Let us also assume that heat is transferred primarily by conduction within the stable boundary layer, T δ ≈ qδ/k. The stability criterion therefore becomes (1)), experimental studies typically find scaling exponents nearer to α = 2/7 (e.g. Castaing et al. 1989; Chilla et al. 1993; Glazier et al. 1999) . 570 E. M. King, S. Stellmach and J. M. Aurnou As the Rayleigh number increases further, however, simulations and experiments produce scaling exponents that approach α = 1/3 (e.g. Amati et al. 2005; Niemela & Sreenivasan 2006 ) -barring any possible transitions to the so-called ultimate regime Ahlers et al. (2009) . Furthermore, some measurements of thermal boundary layer thicknesses themselves in experiments and simulations have been found to follow a Ra −1/3 scaling (e.g. Sun, Cheung & Xia 2008; this work) . This indicates that, although the heat transfer scaling law (1.3) has not been verified exactly, the underlying mechanism of boundary layer instability (1.2) may apply.
Rotating convection
Flows in the presence of strong rotation are often typified by a first-order force balance between the Coriolis force and pressure gradient, which is known as the geostrophic balance. The Coriolis force has a stabilizing effect on convection, such that the onset of convection occurs at higher Ra for decreasing E. Chandrasekhar (1953) predicted that the critical Rayleigh number for instability scales as Ra c ∝ E −4/3 for rapidly rotating convection (E 10 −4 ). Thus, for small E, the critical Rayleigh number can be orders of magnitude larger than that for non-rotating fluids. This illustrates how the role of diffusive stabilization is secondary to that by rotation as E → 0.
As was done above for non-rotating convection, so can we develop a heat transfer scaling law based on boundary layer stability for rapidly rotating flows as follows. Consider again an infinite half-space bounded and heated from below at a flux rate q, but this time also rotating at rate Ω. Above height δ, the quiescent (in the rotating reference frame) fluid becomes buoyantly unstable due to the adverse temperature gradient. Assuming that the stabilizing effect of the Coriolis force dominates that of diffusion, the local stability criterion is Ra δ /Ra , A is a constant and E δ = ν/(2Ωδ 2 ). We can write this boundary layer stability criterion in terms of the boundary layer thickness and temperature drop as
If we assume that this boundary layer stability applies to layers of finite thickness h, we can again treat the fluid volume as two opposed half-spaces, with a stable thermal boundary layer adjacent to each boundary. We must also make the same two assumptions made for the non-rotating case: (a) the temperature drop across the layer occurs predominantly in the boundary layers, T ≈ 2 T δ ; and (b) heat is transferred primarily by conduction within the stable boundary layer, T δ ≈ qδ/k. We should note here that the quality of these assumptions is far less certain for rotating convection than for the non-rotating case (and we test these assumptions in § 3). The rotating convection boundary layer stability criterion (1.4) therefore becomes 5) using Ra c = 7.6E −4/3 (Chandrasekhar 1953 ). The scaling exponent α = 3 is, to our knowledge, larger than any empirical law proposed from heat transfer measurements in rotating systems (e.g. Liu & Ecke 1997 Christensen & Aubert 2006; Aurnou 2007; King et al. 2009 King et al. , 2010 , which typically fall in the range between α ≈ 2/7 (Julien et al. 1996) and α ≈ 2 (Sprague et al. 2006 ). This prediction is, however, similar to the theoretical scalings derived for Pr = ∞ by Chan (1974) and Riahi (1977) using upper-bound variational methods, and separately by the turbulence model of Canuto & Dubovikov (1998) .
Regime transition
In order to test (1.5) systematically, the relative values of Ra and E necessary to maintain the dominance of the Coriolis force must first be quantified. That is, in order to predict the range of Ra at a given E for which convection is geostrophic, the transition between geostrophic and weakly rotating convection regimes must be determined. We argue here that the transition between geostrophic and non-rotating heat transfer behaviour is determined by the relative thicknesses of the thermal boundary layer and the Ekman boundary layer.
The Ekman layer is a mechanical boundary layer that develops in rapidly rotating flows in order to rectify the interior flow with the constant angular momentum of the boundary. Ekman layers have characteristic thickness Greenspan 1968) . Although the Coriolis force dominates the interior fluid, viscous forces are important within the thin Ekman layer. The geostrophic boundary layer stability analysis presented above assumes that the stabilizing force in the thermal boundary layer, δ, is the Coriolis force. Once δ < δ E , however, viscous stabilization of convection becomes important within this marginally stable thermal boundary layer. In this case (δ < δ E ), the local critical Rayleigh number should revert to the constant value relevant for non-rotating, viscously stabilized fluids. Boundary layer stability therefore predicts that the transition from geostrophic to non-rotating heat transfer behaviour occurs when the thermal boundary layer becomes thinner than the Ekman layer. This transition argument provides a mechanism for the boundary layer transition hypothesis of King et al. (2009) .
The transition between these regimes can be estimated by the intersection of scaling laws for the thicknesses of the Ekman layer and the non-rotating, thermal boundary layer. King et al. (2009) assume that the non-rotating thermal boundary layer scales as δ/h ∼ Nu . The thermal boundary layer should therefore cross the Ekman
. Boundary layer stability analysis, however, suggests that we should instead scale the thermal boundary layer as δ/h ∼ Ra −1/3 (1.2). Furthermore, this 1/3 scaling for the thermal boundary layer thickness is more likely to apply to asymptotically high-Ra convection than a 2/7 law, which has a limited range of applicability (e.g. Ahlers et al. 2009 ). Assuming this non-rotating thermal boundary layer thickness scaling, we predict that the transition should occur when δ/δ E ∼ Ra (1.6) Essentially, this scaling predicts that the geostrophic style of heat transfer will break down when the Ekman boundary layer becomes thermally unstable. Interestingly, the predicted transition does not explicitly depend on the nature of the mechanical boundary conditions (cf. Schmitz & Tilgner 2009 ). Furthermore, this transition parameter scaling is similar to upper bounds for geostrophic convection predicted by other means (Chan 1974; Sakai 1997; Canuto & Dubovikov 1998) . Our hypotheses are the following: (i) geostrophic convection occurs in the range
; and (ii) convection in this regime transports heat according to the scaling law (1.5). Below, we argue that laboratory and numerical data support the use of the Ra E 3/2 regime transition parameter. We then use this transition parameter to distinguish and collapse geostrophic heat transfer data in order 572 E. M. King, S. Stellmach and J. M. Aurnou to test the proposed scaling (1.5) with heat transfer data predominantly from numerical simulations.
Methods
We test the scalings presented in § 1 using a suite of 84 numerical simulations and 117 laboratory experiments of rotating convection. Below, we describe the simulations that constitute the majority of our geostrophic convection data, and briefly describe the laboratory experiments, further details of which can be found in the supplementary material available at journals.cambridge.org/flm. Parameter ranges are given in table 1.
Numerical simulations
Direct numerical simulations are carried out by solving the Boussinesq momentum equation, continuity equation and energy equation in a Cartesian box. The domain has periodic sidewalls in order to approximate a horizontal layer of infinite extent. Top and bottom boundaries are rigid, no-slip and isothermal, with an imposed adverse temperature difference of T, width-to-height aspect ratios 1 Γ 4 and resolutions of up to 576 × 576 × 513.
The code has been validated through comparison with results from linear theory and previously reported convection simulations, as well as through checks of internal consistency. First, we accurately reproduce the critical Rayleigh numbers and growth rates predicted by Chandrasekhar (1961) . Results obtained with the present code are found to be in good agreement with simulation data produced by the independent finite volume code used in Stellmach & Hansen (2004) . We also compare our results against those of Kunnen, Geurts & Clercx (2006) , who report that, for E = 4.714 × 10 −4 , Pr = 1 and Ra = 2.53 × 10 6 , the time-averaged root mean square (r.m.s.) vertical velocity and temperature fluctuations at the mid-plane are 174.97 and 0.0793. We find values of 173.37 and 0.0789 for identical parameters, which agree to within 1 %. Finally, we compare our results for non-rotating convection against values for the Nusselt number, as well as toroidal and poloidal energies, given by Hartlep (2004) , again finding agreement to within 1 %.
To test resolution requirements, we systematically varied the grid size for selected parameter values. Care needs to be taken in order to resolve the thin Ekman boundary layers. As an example, figure 1 shows time series of Nusselt numbers computed at various spatial resolutions for the special case E = 10 −5 , Ra = 7 × 10 7 and Pr = 7. Mean values for the most important diagnostic parameters used in the main part of this paper are compiled in table 2. For grids exceeding 96 × 96 × 65 points, the computed values are fairly accurate. The Chebyshev basis functions used for vertical discretization naturally provide high resolution close to the boundaries and are thus well suited for resolving thin boundary layers. In the simulations used for our study, care has been taken to ensure that at least seven vertical grid levels are present within the Ekman layers.
A further consistency check is provided by the energy balance. If temperature is scaled by T, length by h and velocity by κ/h, the top, bottom and volume-averaged Nusselt numbers are defined as
respectively, where · · · V denotes a volume average. Viscous dissipation is defined as . All runs were started from a stationary, isothermal state onto which small random thermal perturbations have been superimposed. After an initial transient, a statistically stationary state is reached. The reported Nusselt numbers Nu and the r.m.s. velocities u rms are values obtained by averaging the time series over a time interval ( T) av . The Ekman layer thickness δ E is defined by the location of the maximum of the r.m.s. horizontal velocity. The edge of the thermal boundary layer thickness δ is defined by the location at which the variance of the temperature fluctuations attains its maximum. where the overbar denotes a temporal average (Siggia 1994) . Note that these relations formally hold if the temporal average is taken over an infinite time interval. Figure 2 shows that, for the finite time series computed for this study, the errors in the above relations are below 1 %, with the exception of one case (E = 10 −6 , Pr = 7, Ra = 2.1 × 10 8 ), which has a maximum Nusselt number error of 1.1 %. These low errors indicate that a statistically stationary state has been reached and that the solutions are in thermal and energetic equilibrium. Also, as expected, the error tends to decrease with the length of the simulated time series. Since energy is not discretely conserved by the chosen Chebyshev discretization, the results shown in figure 2 provide a useful check for our simulations.
Conservation of energy requires that

Laboratory experiments
Laboratory experiments are carried out in a 20 cm diameter cylindrical tank of water (4.5 Pr 7) or sucrose solution (6 Pr 11) that is heated from below and rotated about a vertical axis. The tank height (h) varies from 3.2 to 20 cm, permitting a broad range of accessible Ra and E. The temperature drop across the fluid layer ( T) is measured by two arrays of six thermistors within the top and bottom tank endwalls. Heat flux (q) is measured as the electrical power supplied to the resistance heating element divided by its area, and is compared with measurements of heat absorbed by a heat exchanger above the tank. Input heat flux is limited to q > 300 W m −2 , such that estimated errors in Nu measurements are never more than 30 %. The entire tank set-up is insulated with 20 cm of closed-cell foam and is rotated up to 50 times per minute.
We define RBC as convection in a horizontal layer of infinite extent, but experimental practice requires that the container be bounded by sidewalls. In rotating convection experiments, subcritical convection modes are observed to emerge near the tank sidewalls (Liu & Ecke 1999) . These sidewall modes can contribute to heat transport even beyond the onset of bulk convection, complicating the use of simple scalings intended for bulk modes alone. Although no general treatment of . the contribution of such modes to fully developed convective heat transport exists, previous experimental surveys find that evidence of sidewall modes in heat transport is limited to Nu 3 (e.g. Rossby 1969; Zhong, Ecke & Steinberg 1993) . Our rotating convection experiments have Nu > 3.5. Furthermore, the minimum Nusselt number that we access increases sharply as we move to tanks with smaller aspect ratio, in which significant sidewall modes are more likely (Liu & Ecke 1999) : for Γ 4, Nu 4.5; for Γ 2, Nu 18; and for Γ ≈ 1, Nu 21. We do not, then, anticipate that sidewall modes contribute significantly to heat transport in our experiments. Furthermore, where they overlap, our experimental and numerical data are generally in agreement. Because sidewall modes are not possible in the simulations, this agreement indicates that such modes are not of paramount importance in the present experimental measurements.
Additional information on laboratory experiments is given in the supplementary material. Figure 3 shows heat transfer behaviour, Nu versus Ra, for various E. We first examine non-rotating (E = ∞) heat transfer to provide a baseline for rotating convection. Combining data from the present study with that from Rossby (1969) , we have 84 non-rotating convection cases in the range 10 4 < Ra < 10 10 , which yield a best-fit scaling law of Nu = 0.162(±0.006)Ra 0.284(±0.002) . This relationship is in close agreement with heat transfer scalings found at similar parameters in previous work (Chilla et al. 1993; Cioni, Ciliberto & Sommeria 1997; Liu & Ecke 1997 ). This , which is indicated by the dashed black line in figure 3 .
Results
Rotating convection heat transfer data exhibit first-order characteristics similar to those seen in previous studies (e.g. Rossby 1969 ). First, the onset of convection occurs at higher Rayleigh numbers for decreasing Ekman numbers. Beyond this critical Rayleigh number, heat transfer grows increasingly convective, yet remains suppressed below the Nusselt numbers found in non-rotating convection. Above a transitional Rayleigh number, the heat transfer data for each Ekman number briefly overshoot (e.g. Liu & Ecke 2009; Zhong, Stevens & Clercx 2009 ) and then roughly conform to the non-rotating behaviour, where the E dependence is weak. Where laboratory and numerical data overlap, they are typically in good agreement. The steep, solid line in figure 3 shows the predicted geostrophic scaling law (1.5) for E = 10 . Symbols carry the same meaning as in figure 3. vertical distances of the first local maximum of the horizontally averaged velocity (temperature) variance interior to the top and bottom domain boundaries (Belmonte, Tilgner & Libchaber 1994) . Figure 4(a) shows the thicknesses of thermal boundary layers versus Ra from simulations of non-rotating convection. A best-fit scaling yields δ/h = 5.7(±0.7)Ra (Greenspan 1968) , which fits the data to within 8 % on average for E 10 −4
. Equating the scalings for each boundary layer, we expect that they cross when Ra ≈ 8E −3/2 , in agreement with the prediction (1.6). The ratio of thermal to Ekman boundary layer thickness is shown in figure 4(c) versus Ra E 3/2 for all rotating RBC simulations, and the predicted crossing is indicated by the dotted vertical line. The boundary layers are, in fact, observed to cross somewhere in the range 6 Ra E 3/2 20. In figure 5 , we test the applicability of the regime transition prediction (1.6) to the heat transfer data. Figure 5(a) shows convective heat transfer data from laboratory experiments normalized by the empirical non-rotating scaling, Nu Ra
, plotted versus the Rayleigh number. Two data points from each of six different data sets for , which represent data from two separate convection tanks, and with slightly different E values.) The transition is approximated by the intersection of the non-rotating scaling (dashed line) with the line connecting the two data points from each pair in semi-log space (dotted lines).
Figure 5(b) shows the transition locations in Ra-E space. Error bounds illustrate the location of the data points on either side of the transition. A best-fit power-law regression yields a transitional Ekman number scaling of E t = 4.7( , which is in agreement with the boundary layer transition prediction (1.6) and thickness measurements (figure 4). Thus, the heat transfer regime transitions are well described by the swapping of the nested thermal and Ekman boundary layers, and both occur near Ra E 3/2 ≈ 10. We test the geostrophic heat transfer scaling (1.5) in figure 6. Figure 6 (a) shows Nu data normalized using the standard RBC reduction, Nu Ra . This renormalization of the axes allows us to plot the predicted geostrophic scaling for all E using a single curve: (1.5) becomes Nu Ra The most rapidly rotating data presented in figure 6 appear to conform to the predicted geostrophic law. Indeed, the 22 convection cases with lowest Ra E 3/2 (< 2.7) are best fit by Nu Ra = 0.0023(±0.0002) (Ra E 3/2 ) 0(±0.1) , in line with geostrophic scaling law (1.5). Thus, our most rapidly rotating convection data, most of which come from numerical simulations, are in good agreement with the prediction from boundary layer stability analysis.
This agreement between theory and experiment (both computational and laboratory) is contingent upon the quality of the assumptions on which the theory relies. The two assumptions made to arrive at (1.5) from (1.4) -that convective heat transfer is ineffective in the thermal boundary layer, and that the temperature drop outside of the boundary layers is negligible -are less well tested for rotating convection than for non-rotating convection (e.g. Boubnov & Golitsyn 1990; Belmonte, Tilgner & Libchaber 1993; Julien et al. 1996) . We can quantify the quality of these two assumptions using results from numerical simulations. We test each assumption using mean thermal profiles from simulations within the geostrophic regime, Ra E 3/2 < 10. A test of the first assumption, 2 T δ = T, is given by 2 T δ = 0.7(±0.4) T, indicating that total temperature drop does not always occur predominantly within the boundary layers. Similarly, we can test the second assumption, T δ ≈ qδ/k, finding T δ / T = 0.7(±0.2)δNu/h. Thus, the temperature gradient in the boundary layers is not observed to be purely conductive. Though these errors can be significant, they may not be important for order-of-magnitude scaling analysis. Furthermore, the errors in each of these assumptions offset each other to some extent, such that δ = 1.0(±0.6)h/(2Nu). It is unclear whether these assumptions hold as E → 0. 
Conclusions
Following the seminal work by Malkus (1954) , we develop dimensional arguments for marginal boundary layer stability in geostrophic convection that produce a heat transfer scaling law Nu ≈ (Ra/Ra c ) 3 = 0.0023 Ra
. We also develop a transition parameter Ra E 3/2 that separates geostrophic and non-rotating styles of convective heat transfer.
We present data from numerical simulations and laboratory experiments in support of the geostrophic heat transfer scaling (figure 6). This scaling relationship is steeper than those proposed by previous experimental measurements, which is probably due to the fact that rapidly rotating convection has not been well explored. Indeed, this work is among the first to survey rapidly rotating (E 10 −4 ), geostrophic (Ra E 3/2 < 10) to verify or reject unequivocally the predicted heat transfer law (1.5). In particular, it should be noted that, of the 25 data points with Ra E 3/2 < 2.7 used to test the geostrophic scaling, 23 come from numerical simulations, as the laboratory experiments are limited by heat flux considerations. Bigger, better-controlled experiments are needed to access this regime while simultaneously minimizing the role of sidewall modes. Generally, in order to test this prediction more conclusively, convection experiments and/or simulations must be realized at lower Ekman numbers such that ample data become available for Ra E 3/2 1. The transition parameter Ra E 3/2 relates the relative thicknesses of the thermal and Ekman boundary layers (figure 4) and aptly describes the transition between geostrophic and weakly rotating convection regimes (figure 5). The development of this parameter follows from dimensional analysis of boundary layer stability, arguing that the transition from geostrophic to weakly rotating convection occurs when the thermal boundary layer becomes thinner than the Ekman layer. This proposed transition mechanism is in agreement with the boundary layer control hypothesis proposed by King et al. (2009) , and, furthermore, is not contingent upon the nature of the mechanical boundary conditions. In King et al. (2009) , however, the use of an empirical scaling for non-rotating heat transfer gives a transition parameter of Ra E 7/4 , which is unlikely to hold for Rayleigh-Bénard convection with extreme Ra and E values. Here, we show that these two boundary layers have thicknesses that scale as δ ∝ Ra −1/3 h and δ E / ∝ E 1/2 h, respectively. Though based on the same premise, the resulting transition parameter Ra E 3/2 differs considerably from that developed in King et al. (2009) .
Interestingly, the important dimensional quantities for which we seek scaling laws, heat flux q, thermal boundary layer thickness δ and Ekman layer thickness δ E , are all predicted to follow scalings that are independent of the total layer height, h. Furthermore, since both boundary layer thickness scalings are depth-independent, the regime of convective heat transfer, determined by the ratio δ/δ E , is also insensitive to h. Arguments for depth-independent heat transfer behaviour in non-rotating convection are not new (e.g. Priestley 1954; Spiegel 1971) , and follow from the assumption that RBC behaves like two opposed, infinite half-spaces. If correct, depth-independent behaviour in turbulent, rapidly rotating RBC would help refine our understanding of this system.
